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Figure 2 (online color at www.lphys.org) Illustration of unusual optical properties and novel functionalities enabled by NIMs

visible frequency range at the interface between bimetal
Au-Si3N4-Ag waveguide and a conventional Ag-Si3N4-
Ag slot waveguide using plasmons as shown in Fig. 2a
[4]. Also, negative refraction at optical frequencies was
demonstrated in photonic crystals (PC) [48]. However, it
should be mentioned that the main limitation of PCs for
realization of many unusual phenomena associated with
negative index of refraction is that the size of their charac-
teristic features is comparable to the wavelength of light.
On the contrary, optical metamaterials with a feature size
much smaller than the wavelength of light are predicted to
enable many truly remarkable phenomena. However, cur-
rently optical metamaterials are only available in the form
of subwavelength thin films, thus permitting the measur-
ing of a phase advance but not the negative refraction per
se.

The third fundamental characteristic of NIMs is the in-
herent frequency dependence of both ε and µ. This prop-
erty originates from the fact that NIMs are resonant struc-
tures, i.e. negative ε and µ occur in a close proximity of

electric and magnetic resonances. As a result, the refrac-
tive index is negative only in a limited range of frequen-
cies. In fact, the same material may act as a NIM in one
range of frequencies, and as a conventional positive index
material (PIM) at other frequencies.

In addition to extraordinary fundamental physical
properties, NIMs give rise to unique functionalities and
device applications. A very unusual property of NIMs is
the possibility of imaging using a flat slab of NIM with
n = − 1 surrounded by the conventional medium with
n = 1. Moreover, under the appropriate conditions the
NIM slab not only re-focuses the propagating field com-
ponents, but also re-amplifies the evanescent field compo-
nents that decay exponentially with distance from source
(Fig. 2b) through the excitation of plasmon resonance on
the NIM surfaces. These evanescent field components re-
sponsible for the imaging of the high frequency and cor-
respondingly small-scale features of the object cannot be
restored by conventional lenses, inevitably limiting its res-
olution. Thus, at least in an ideal (lossless) case, an imag-
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ing system based on a NIM slab, named a “superlens” by
Pendry [1], has the potential for significantly improved
resolution in the image plane. Unfortunately, a superlens-
ing effect is extremely sensitive to losses in the NIM slab.

A somewhat simpler version of the superlens, a so-
called “poor man’s superlens” shown in Fig. 2c has been
proposed for applications that involve distances that are
much smaller than a wavelength [49–51]. In this case, a
sub-wavelength resolution can be realized using single-
negative (ε < 0) materials such as metals at the UV or
visible frequencies. In particular, it was proposed to use
sub-wavelength sheets of silver to obtain near-field focus-
ing for TM-polarized light. Following this strategy, a sub-
wavelength imaging on a scale of a few tens of nanometers
has been demonstrated experimentally. Improved (λ/20)
resolution was achieved further when silver was replaced
by silicon carbide, which provides a better performance
in terms of losses [52]. However, an inherent limitation of
this type of lens is its near-field performance.

A promising solution towards far-field imaging was
proposed independently by Narimanov and Engheta
[53,54]. The basic idea of a so-called hyperlens is shown in
Fig. 2d. This device is based on recently proposed strongly
anisotropic metamaterials that feature opposite signs of the
two permittivity tensor components [55–57]. Such meta-
materials have been shown to support propagating waves
with very large wave numbers (that would evanescently
decay in ordinary dielectrics) [55,58]. Therefore, instead
of re-amplifying and re-focusing the evanescent field com-
ponents as Pendry’s superlens does, a hyperlens converts
those evanescent waves into propagating waves. Once all
the components are propagating waves, they can easily
be imaged by a conventional lens (microscope) in the far
field. Finally, Zhang’s group demonstrated another type
of far-field superlens by using surface grating to convert
evanescent waves into propagating waves [59].

It is noteworthy that the majority of unique properties
of NIMs most efficiently reveal themselves when NIMs
are combined with conventional positive index materials.
As will be illustrated in the next section, NIMs and PIMs
can be combined either spatially or spectrally.

4. Nonlinear optics in NIMs

In addition to unusual linear properties, combinations of
PIMs and NIMs fundamentally change nonlinear optical
interactions. It has been suggested that nonlinear NIMs can
be created by inserting nonlinear elements into the slots of
SRR [60]. For example, in microwave range the nonlinear
response has been obtained by inserting diodes into the
SRR [61].

As mentioned in the introduction, both ε and µ are fre-
quency dependent in NIMs. Therefore, the same material
can reveal negative-index properties at one wavelength and
positive-index properties at another wavelength, forming a
basis for fundamentally new regimes of nonlinear optical
interactions.
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Figure 3 (online color at www.lphys.org) New regimes of non-
linear effects in NIMs with χ(2) and χ(3) nonlinearities

In particular, one of the most fundamental properties
of NIMs – antiparallel wave and Poynting vectors results
in many extraordinary nonlinear optical phenomena, in-
cluding unusual Manley-Rowe power conservation rela-
tions and “backward” phase-matching conditions enabling
new regimes of second-harmonic generation (SHG) [62–
67] and optical parametric amplification (OPA) [67–71],
surface and guided waves regimes unattainable in conven-
tional waveguides [72,73], and new types of temporal and
spatial solitons [74–78].

4.1. Second-harmonic generation

The basic idea of backward phase-matching is illustrated
in Fig. 3a. It is assumed that the metamaterial is a NIM
at the fundamental frequency ω1 and it is a PIM at the
second-harmonic frequency ω2. If the energy flow of the
fundamental frequency travels from left to right, the phase
of the wave at the same frequency should move in the
opposite direction, that is, from right to left. The phase-
matching requirement k2 = 2k1 can be satisfied if the
phase of the second harmonic also travels from right to
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left. Since the second harmonic propagates in the PIM,
its energy flow is co-directed with the phase velocity and,
therefore, the energy propagates from right to left as well,
as shown in Fig. 3a. On the contrary, in the conventional
PIM materials, wave and Poynting vectors propagate in the
same direction at both fundamental and second-harmonic
frequency and backward phase-matching generally does
not occur.

One of the important differences between the SHG in
the NIM and PIM cases is reflected in the Manley-Rowe
relations given by |A1|2 − |A2|2 = C, where A1 and
A2 are slowly varying amplitudes of the fundamental and
second-harmonic waves, respectively. Therefore, while in
the conventional PIM case, the Manley-Rowe relations re-
quire that the sum of the squared amplitudes is constant
[66,67], in the NIM case their difference is constant. This
unusual form of Manley-Rowe relations in NIMs is a di-
rect result of the fact that the Poynting vectors for the fun-
damental and the second harmonic are antiparallel, while
their wavevectors are parallel.

It is noteworthy that the boundary conditions for the
fundamental and second-harmonic waves in the NIM case
are specified at opposite interfaces of the slab of a finite
length L in contrast to the PIM case, where both conditions
are specified at the front interface. Owing to such bound-
ary conditions, the conversion at any point within the NIM
slab depends on the total thickness of the slab. In the limit
of a semi-infinite NIM, both fundamental and second-
harmonic waves disappear at infinity and, therefore, a
100% conversion efficiency of the incoming wave at the
fundamental frequency to the second harmonic frequency
propagating in the opposite direction is expected. As a re-
sult, the NIM slab acts as a nonlinear mirror [65,66].

4.2. Optical parametric amplification

An important potential application of backward-phase
matching realized in NIMs is the compensation of losses.
As discussed above, losses are one of the major obstacles
that delay many practical applications of optical NIMs.
The basic idea of loss compensation using the OPA is to
use the electromagnetic waves with the frequencies out-
side the negative index frequency range to provide the loss-
balancing OPA at frequencies corresponding to a negative
index of refraction. Two basic approaches for loss com-
pensation using the OPA have been investigated theoreti-
cally. One possibility relies on the χ(2)-nonlinearity of the
NIM [68]. In this case, a strong pump field at frequency ω3

interacts with the signal at frequency ω1. As a result, the
signal is amplified, and a new wave, an idler, at frequency
ω2 = ω3 − ω1 is generated that contributes back to ω1.

An alternative approach does not require a strong non-
linear response of the meta-atoms. Instead, it employs
embedded four-level centers that can be controlled inde-
pendently from the NIM parameters, resulting in a pos-
sible realization of frequency-tunable transparency win-
dows in NIMs [71]. This technique is based on a four-wave

interaction process in a medium with the χ(3) (cubic)-
nonlinearity. In this case, two pump fields at frequencies
ω3 and ω4 and a signal field at ω1 combine to generate
an idler at ω2 = ω3 + ω4 − ω1 , which is amplified and
contributes back to the signal field through the four-wave
mixing process, which results in strongly enhanced OPA.

Fig. 3b illustrates the OPA based on χ(3)-nonlinearity.
Here, it is assumed that the signal propagates in the NIM,
while the pumps and the idler correspond to the PIM fre-
quency range. Generally, both quadratic and cubic para-
metric amplification processes strongly rely on phase-
matching between the interacting waves. As a result of the
opposite directionality of the phase and energy velocities,
backward phase-matching takes place in both quadratic
and cubic nonlinearity cases. The important advantage of
the backward OPA in NIMs is effective distributed feed-
back, which enables oscillations without a cavity. In the
NIM case, each spatial point serves as a source for the gen-
erated wave in the reflected direction, whereas the phase
velocities of all interacting waves are co-directed. This is
also true in the SHG case. Recently, parametric amplifi-
cation has been demonstrated experimentally in negative
index nonlinear transmission line media [70].

4.3. Bistability and gap solitons in spatially
combined NIM-PIM structures

Backward waves can also facilitate an effective feedback
mechanism in wave-guiding structures. This novel mecha-
nism will be exemplified by a nonlinear coupler with one
channel filled with NIM. It turns out that introducing a
NIM in one of the channels dramatically changes both the
linear and nonlinear transmission characteristics of such a
coupler [79–81]. In contrast to the previous case of SHG
and the OPA, in a PIM-NIM coupler, PIMs and NIMs
are combined spatially as shown in Fig. 3c. While nonlin-
ear couplers made of conventional PIM materials have at-
tracted significant attention owing to their strong potential
for all-optical processing applications, they typically lack
an important functionality – optical bistability if no exter-
nal feedback mechanism is introduced. In contrast, it was
found that the PIM-NIM coupler exhibits bistable trans-
mission and support gap solitons originating from their in-
herent property – antiparallel phase and energy velocities
in NIM channel and parallel phase and energy velocities in
the PIM channel, which results in an “effective” feedback
mechanism.

Another important manifestation of negative refrac-
tive index is a negative phase shift (phase advance) that
was measured in thin films of NIMs in the first experi-
ments [18]. Recently several novel device applications that
rely on such phase shifts including miniaturized optical
waveguides, resonators and laser cavities, phase compen-
sators/conjugators, and nonreciprocal (diode-like) applica-
tions have been proposed [82–86].

Novel regimes of optical bistability and potentially
useful nonlinear transmission properties of layered struc-
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tures containing thin films of NIMs have been identified
in a layered structure consisting of a slab of nonlinear
PIM and a thin film of linear NIM as shown in Fig. 3d
[86]. As previously discussed, the state-of-the-art optical
NIMs were realized only in the form of sub-wavelength
thin films. While no propagation effects or negative refrac-
tion, as such, can be observed in these films, the negative
index of refraction reveals itself in a phase advancement
(negative phase shift), which is in contrast to the phase re-
tardation (positive phase shift) in conventional PIMs.

The simplest way of introducing nonlinearities to ex-
isting NIM films is to place an overlay of nonlinear mate-
rial such as nematic liquid crystals [25,86,87], with very
high nonlinear χ(3)coefficients of ∼ 10−9 m2/W, on top of
the NIM thin film as shown in Fig. 3d. A nonlinear film
itself surrounded by a linear dielectric with a high refrac-
tive index can be considered as a resonator and is known
to exhibit bistability, when illuminated at an angle close
to the angle of total internal reflection. As the incident in-
tensity increases, in the case of self-focusing Kerr nonlin-
earity, the nonlinear refractive index increases, while the
transmission coefficient becomes a multi-valued function
of the input flux, leading to the formation of a hysteresis
loop. A linear NIM thin film placed next to the nonlin-
ear slab acts as a phase element. Although the layer is very
thin, the effect of the phase shift introduced by this layer on
the nonlinear optical response of the entire structure turns
out to be very significant. As discussed above, the effect
of the NIM thin film reveals itself in a phase advance or a
negative phase shift. As a result, the total resonator length
decreases, implying that the intensity-dependent nonlin-
ear index change required for switching the transmission
to the high-transmission state should increase, which is in
contrast to the case of PIM thin film. The strong sensitiv-
ity of the nonlinear response to the NIM’s parameters may
be particularly useful for the characterization of NIMs.
Finally, it has been shown that the same bilayered struc-
ture supports a non-reciprocal transmission; that is, non-
linear transmission characteristics are not symmetric with
respect to the direction of light propagation. This property
may be particularly useful for developing diode-like appli-
cations in NIMs.

5. Inhomogeneous metamaterials: cloaking
applications

While originally the entire field of metamaterials was stim-
ulated by the development of NIMs, recently yet another
exciting branch of modern optics developed – transforma-
tion optics. First applied to the development of the opti-
cal cloak [11–17], transformation optics is now consid-
ered to be a very general and powerful design tool that of-
fers unparalleled opportunities for controlling light prop-
agation through careful refractive index engineering. Re-
cently, various functionalities and novel device applica-
tions enabled by this approach have been proposed, includ-

ing image-processing operations such as translation, rota-
tion, mirroring and inversion, light concentrators [88–90],
impedance-matched hyperlens [91], and others.

The general design strategy using the transformation
approach includes two main steps. In the first step, a co-
ordinate transformation of the space with desired property
is built. In the next step, a set of material properties that
would realize this property of the transformed space in the
original space using the following equations

εi′j′
=

∣∣∣det(Λi′
i )

∣∣∣−1

Λi′
i Λj′

j ε (1)

µi′j′
=

∣∣∣det(Λi′
i )

∣∣∣−1

Λi′
i Λj′

j µ i, j = 1, 2, 3 ,

where it was assumed that the original space is isotopic and
transformations are time invariant, and Λα′

α = ∂xα′
/∂xα

are the elements of the Jacobian transformation matrix, is
calculated.

Recently, the first theoretical designs and experimen-
tal demonstrations of cloaking devices at microwave fre-
quencies, shown in Fig. 4a and Fig. 4b, and a theoret-
ical design of an optical cloak, shown in Fig. 4c, based
on the transformation optics approach have been reported.
Moreover, very recently a first step toward experimental
demonstration of cloaking in the visible range was taken
by Smolyaninov et al. [21], who demonstrated a cloaking-
like behavior for surface plasmon polaritons, shown in
Fig. 4d.

As a point of reference, by an “ideal cloak” we
understand a device that renders objects invisible and
that is object-independent, macroscopic, operates for non-
polarized light and in a wide range of frequencies simulta-
neously, does not reflect, scatter, or absorb any light, intro-
duce any phase shifts, or produce a shadow. While several
approaches making objects invisible have been proposed
in the literature [92–97], the approach discussed here, of-
ten referred to as “re-direction” approach [11–17], appears
to be the most general and, therefore, practical one.

In order to redirect waves around the object, either the
space around the object should be deformed, assuming that
material properties stay the same, or the material proper-
ties should be modified around the object. The former ap-
proach is referred to as topological interpretation, while
the latter is called a material interpretation. Owing to the
form invariance of Maxwell’s equations, these two inter-
pretations are equivalent. More specifically, under a co-
ordinate transformation, the form of Maxwell equations
should remain invariant while new ε and µ would con-
tain the information regarding the coordinate transforma-
tion and the original material parameters.

Using this approach, the first working designs of mi-
croware and optical cloaks have been proposed theoret-
ically and demonstrated experimentally. The coordinate
transformation that compresses the cylindrical region 0 <
r < b in space into the shell a < r′ < b is given by [11]

r′ =
b − a

b
r + a , θ′ = θ , z′ = z . (2)
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Figure 4 (online color at www.lphys.org) Examples of theoretically proposed and experimentally demonstrated cloaking designs in
microwave and visible ranges

The design equations (1) give the following material pa-
rameters

εr = µr =
r − a

r
, εθ = µθ =

r

r − a
, (3)

εz = µz =
(

b

b − a

)2
r − a

r
.

While magnetism at optical frequencies has been demon-
strated previously, it is still considered a challenging task
that can only be realized in resonant structures with rel-
atively high loss. However, it was realized that an opti-
cal cloak for the TM polarization can be built without any
magnetism. In this case, Eqs. (3) are replaced with the fol-
lowing set of reduced parameters [16]

µz = 1 , εθ =
(

b

b − a

)2

, (4)

εr =
(

b

b − a

)2 (
r − a

r

)2

,

A constant, greater than one azimuthal dielectric permit-
tivity component can easily be achieved in conventional
dielectrics. A crucial part of the design is the realization
of the required radial distribution of dielectric permittiv-
ity varying from zero to one. This can be achieved us-
ing sub-wavelength metal wires aligned along the radii
of the annular cloak shell as shown in Fig. 4c. Other po-
tential implementations of design parameters (4) include
chains of metal nanoparticles and thin continuous and
semi-continuous strips.

Note that the optical cloak designed using Eqs. (4)
is object-independent and does not impose any limitati-
ons of the size of the object. However, it is not comple-
tely reflection-, scattering-, absorption-, phase shift-, and
shadow-free, due to the impedance mismatch related to re-
duced design parameters (4) and small but non-negligible
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material absorption. Additionally, it is designed for TM
polarization only. Finally, the device is inherently narrow-
band. Indeed, since the refractive index of the cloaking
shell varies from zero to one (as follows from Eq. (4)),
a phase velocity of light inside the shell is greater than the
velocity of light in a vacuum. While this condition itself
does not contradict any law of physics, it implies that the
material parameters must be dispersive.

Finally, until recently all cloaking devices designed us-
ing the transformation method relied on a linear transfor-
mation. Reduced parameters (4) are easier to implement
than exact material parameters described by Eqs. (3), but
a limitation associated with this set of parameters is that
the cloak is not reflectionless. A promising solution to this
problem proposed recently [17] is to use a high-order coor-
dinate transformation that eliminates undesired reflections
at the outer boundary of the non-magnetic optical cloak.

6. Summary

To summarize, over the last eight years enormous theo-
retical and experimental progress has been made in the
field of metamaterials. Naturally, as in many other areas
of science, theoretical research develops faster than its ex-
perimental counterpart. To date, many fascinating linear
and nonlinear phenomena taking place in metamaterials
have been theoretically predicted that still remain to be
experimentally demonstrated. Nevertheless, in less than a
decade, several phenomena that would undoubtedly have
been considered science fiction only a few years ago have
been explicitly demonstrated. While further progress in
the design and fabrication of metamaterials is required be-
fore it becomes a reliable technology, once fully devel-
oped, metamaterials technology is likely to revolutionize
the imaging, data storage, and telecommunications fields,
to name a few.
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