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INTRODUCTION

Two closely located waveguides can be coupled due
to the tunnel penetration of light from one waveguide to
the other [1, 2]. This device manufactured from materi-
als with positive refractive index preserves the direction
of light propagation and, possibly for this reason, is
termed the “directed

 

 

 

coupler.”

Recently, new materials have appeared with unusual
optical properties. Some of them possess negative
refraction, for which both the incident and the refracted
beams are at one side of the normal to the interface
between two media. For Snell’s law to be valid, it is
necessary to assume that the refractive index of one of
the media is negative. Negative refraction occurs in
media in which the wave vector of the electromagnetic
wave is antiparallel to the Poynting vector [3–10].

Media for which the real parts of the dielectric per-
mittivity and magnetic permeability are simultaneously
negative in some frequency range have this property of
negative refraction. The existence of these media was
experimentally demonstrated first in the microwave
[11–14] and then in the optical [15–18] ranges. The
dielectric permittivities and magnetic permeabilities of
available materials with negative refractive index have
nonzero real 
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 parts. At present, the technological level is
insufficient for creating materials with 

 

Im

 

ε

 

(

 

ω

 

) 

 

�

 

Re

 

ε

 

(

 

ω

 

)

 

 and 

 

Im

 

µ

 

(

 

ω

 

)

 

 

 

�

 

 Re

 

µ

 

(

 

ω

 

)

 

. Losses in available
materials are sufficiently high. However, hard work
aimed at decreasing losses resulted in the last year in a
considerable improvement in the material quality [19].

This leaves hope for obtaining transparent materials
with negative refraction in the future.

It is also known that, in materials with sufficiently
strong spatial dispersion of dielectric media, waves can
exist with the wave vector directed opposite to the
Poynting vector [20, 21]. A consequence is a negative
refraction of these waves (polaritons).

If one of the waveguides of the coupler is manufac-
tured from a material with a negative refractive index,
this device acts as a mirror [22]; the radiation that
entered one waveguide leaves the device via the other
waveguide. Therefore, this device can be called the
oppositely directed coupler. Investigations into wave
interactions in cases when such a coupler is manufac-
tured from optically nonlinear materials may turn out to
be quite fruitful. It has been shown recently [23] that
the nonlinear oppositely directed coupler possesses the
bistable properties related to the nonunique dependence
of the transmittance (reflectivity) on the power of input
radiation.

The propagation of nonlinear solitary waves in
extended directed couplers has been considered and
studied in detail [24–35]. In particular, it was shown
[27–35] that pairs of coupled stationary solitary waves,
which are sometimes termed solitons, can propagate in
this waveguide structure. In reality, the equations used
in these works are not completely integrable, and, for
this reason, stationary wave packets are not solitons in
a strict sense. Here, this term is used as a synonym of
the stationary solitary wave. Since the oppositely
directed coupler effectively acts as a distributed mirror,

 

NONLINEAR 
AND QUANTUM OPTICS

 

Solitary Waves in a Nonlinear Oppositely Directed Coupler

 

A. I. Ma

 

œ

 

mistov

 

a

 

, I. R. Gabitov

 

b

 

, 

 

c

 

, and N. M. Litchinitser

 

d

 

a 

 

Moscow State Engineering Physics Institute, Moscow, 115409 Russia

 

b 

 

Landau Institute for Theoretical Physics, Russian Academy of Sciences, Moscow, 119334 Russia

 

c 

 

Department of Mathematics, University of Arizona, Tucson, AZ 85721 USA

 

d 

 

Department of Electrical Engineering and Computer Science, University of Michigan, Ann Arbor, Michigan 48109 USA
e-mail: maimistov@mail.ru; gabitov@math.arizona.edu; natashan@cecs.umich.edu

 

Received May 29, 2007

 

Abstract
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it can be expected that stationary solitary waves in the
nonlinear oppositely directed coupler are similar to gap
solitons [35–39].

In this work, the propagation of coupled waves in
the system of two tunnel-coupled waveguides, one with
negative, and the other with positive refractive index, is
considered. Particular solutions to the system of cou-
pled equations describing the evolution of these waves
are found. These solutions are analogues of known gap
solitons; although, unlike original gap solitons, there is
no Bragg lattice here. The occurrence of a gap in the
spectrum of linear waves here is due to the negative
refraction of one of the waveguides.

FORMULATION OF THE MODEL

The electric field of an optical wave propagating in
the system of tunnel-coupled waveguides along their
common axis 

 

z

 

 is represented by the superposition of
waves in each waveguide [2],

 

(1)

 

Here, the functions 
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 describe the transverse
distribution of the 

 

m

 

th mode of the field in the

waveguide with the number 
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 = 1, 2; and 

 

 

 

is the
slowly varying envelope of the electric field of the cor-

responding mode. The parameters 

 

 

 

are called the
propagation constants. It is assumed that the dielectric
permittivity 

 

ε

 

(1, 2)

 

(

 

ω

 

0

 

)

 

 and the magnetic permeability

 

µ

 

(1, 2)

 

(

 

ω

 

0

 

)

 

 of the first and the second waveguides at the
frequency 
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 of the carrier wave are real. If the
waveguides are manufactured from a dielectric with a
nonlinear third-order susceptibility, the system of equa-
tions of coupled modes for the normalized envelopes
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 has the following form:

 

(2.1)

(2.2)

 

Here, 
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gJ

 

 are the absolute values of the group velocities

for the 

 

J

 

th waveguide, and the parameters  are the
signs of the projections of the vectors of the group
velocities onto the direction of the 

 

Z

 

 axis. It is assumed
that the second-order dispersion of the group velocities

is insignificant. The coefficients  are the nonlinear
third-order susceptibilities of the first and the second
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channels. The coefficients K12 and K21 are the coupling
constants between the modes of the adjacent
waveguides, the violation of the exact phase-matching
condition (the difference in the phase velocities in dif-
ferent waveguides) is taken into account by the param-

eter ∆β =  – . In Eqs. (2), it should be assumed

that  = +1 and  = –1, if the waveguide with J = 1
is characterized by a positive refractive index, and the
waveguide with J = 2 possesses a negative refraction. It
is also assumed that the carrier frequency is chosen
such that the following relations are satisfied:
Imε(1, 2)(ω0) � Reε(1, 2)(ω0) and Imµ(1, 2)(ω0) �
Reµ(1, 2)(ω0).

It is convenient to introduce the following normal-
ized variables:

(3.1)

(3.2)

(3.3)

In terms of the normalized variables, system of equa-
tions (2) is written as

(4.1)

(4.2)

where δ = ∆βLc/2. The nonlinearity parameters are
determined by the formulas

Using the real variables Q1, 2 = a1, 2exp(iϕ1, 2), we can
pass from system of equations (4) to the equations in
terms of real variables,

(5)

where Φ = ϕ1 – ϕ2. The following conservation law fol-
lows from the amplitude equations:
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Therefore,

If the boundary conditions correspond to the solitary
wave with similar asymptotics for ζ  +∞ and ζ 
+∞, the right-hand side of this expression vanishes. In
these cases, the first integral of motion is valid,

In the ordinary (nonlinear) directed coupler, a similar
integral of motion exists; however the signs of both
terms in its integrand are positive, which reflects the
similarity of the direction of the energy flow in the cou-
pled waveguides.

THE DISPERSION RELATION

If the electric field strength in the waveguides is suf-
ficiently small, and nonlinear effects are insignificant,
we can pass from (4) to the linear system

(6.1)

(6.2)

This system of equations determines the behavior of
linear waves in the considered device. Using the Fou-
rier transform

the dispersion relation for harmonic waves can be
found as

or

(7)

This implies that a gap exists in the spectrum of linear
waves whose width for k = 0 is ∆ω = 2. Harmonic
waves with frequencies in this gap do not propagate
through such a coupler and are reflected from it like
from a Bragg mirror [40–42]. More precisely, the radi-
ation entering one of the waveguides penetrates the sec-
ond waveguide in which its direction of propagation
changes in such a way that the energy flows in the oppo-
site direction. If the two waveguides are manufactured
from identical materials (characterized by positive or
negative refraction), there is no gap in the spectrum,
and the direction of wave propagation and of the energy
flow is preserved.
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A NONLINEAR STATIONARY
WAVE—A QUASI-GAP SOLITON

Stationary waves correspond to the solutions to sys-
tem (4) or (5) which depend on the coordinate and time

via one variable ξ = (ζ + βτ)/ , with β being a

free parameter. Let  = u1 and  = u2.
In this case, system of equations (5) is

(8)

where

For the phase difference Φ = ϕ1 – ϕ2, the following
equation is satisfied:

(9)

For simplicity, let us consider the case of the phase
matching of interacting waves δ = 0. The boundary con-
ditions a1, 2  0 for ξ  ±∞ choose from all solu-
tions to system of equations (8), (9) those that corre-
spond to solitary waves against the zero background. It
follows from the equations for the amplitudes in (8) that

 = , or u1 = εu2, where ε = ±1. Therefore, Eqs. (8)
and (9) are reduced to the system of two equations
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where θ = θ1 + θ2. By multiplying the left- and right-

hand sides of (10.2) by sinΦ and using Eq. (10.1),
we can obtain
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Thus, we obtain the second integral of motion

(11)

Due to the boundary conditions, the integration con-
stant is zero, and the nonzero solutions to system (10)
satisfy the relation

(12)

By substituting (12) into (10.1), we obtain the equation

By changing the variable u1 = w–1/2, this equation is
reduced to the equation

which has the following solution: w(ξ) =
(θ/4) (ξ – ξ2). Thus, the solutions to the ampli-
tude equations of system (8) are given by the expres-
sions

(13)

Taking into account this result, it follows from (8) that

This yields

(14.1)

The expression for the wave phase in the second
waveguide is obtained analogously,

(14.2)

The amplitudes a1, 2 are determined by the expressions

(15)

The solutions (14), (15) describe the stationary solitary
wave propagating in the extended nonlinear oppositely
directed coupler under the condition of equality of
phase velocities of the waves localized in each of the
channels.

CONCLUSIONS

In this work, the propagation of a nonlinear solitary
wave in coupled systems of two tunnel-coupled
waveguides, one with a negative and the other one with
a positive refractive index, is considered. In this case,
the group velocities of wave packets propagating in
separate waveguides are oppositely directed, and the
phase velocities have the same value and direction. This
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property, the antidirected phase and group velocities in
media with a negative refraction, results in the fact that
part of the radiation is reflected, and part passes through
the considered oppositely directed coupler. In the case
of large electric field strengths, due to the nonlinear
properties of the medium, the formation of a coupled
state of wave packets from different waveguides is pos-
sible. In this case, the nonlinear interaction suppresses
the effect of inversion of the wave propagation direc-
tion. In this work, particular solutions to the system of
coupled equations were found which demonstrate the
propagation of the coupled pair of solitary waves, the
gap soliton. Each of the waves is concentrated in the
separate waveguide and propagates in the direction
common for both waves. The phase difference of cou-
pled waves is varied inside in such a way that there is
no energy exchange in general.

It should be noted that recent works by Stockman
[43, 44] have sparked off intensive debates on the pos-
sibility itself of the existence of materials with a nega-
tive refractive index and zero losses. Without going into
the discussion of this problem, we note that the assump-
tions made here (i.e., Imε(1, 2)(ω0) � Reε(1, 2)(ω0) and
Imµ(1, 2)(ω0) � Reµ(1, 2)(ω0)) admit the existence of
losses.

The notion of the gap soliton is often related to the
periodicity of the structure of a nonlinear medium in
which the wave propagates. In order to underline this
specific feature of the medium, the gap solitons are
referred to as the Bragg solitons [39]. At the same time,
it is known that the occurrence of a gap (the forbidden
zone) in the spectrum of linear waves is not necessarily
the consequence of the periodicity. The most well-
known example is the polariton gap occurring as a
result of resonance interactions of electromagnetic
radiation with atoms (molecules). Nonlinear excita-
tions localized in this forbidden zone give examples of
gap solitons in media in which the periodic variation of
the optical properties (the refractive index, the
waveguide thickness, etc.) is absent. For this reason, a
pulse of the self-induced transparency in a dense
dielectric [45] could be called a gap soliton. It was
shown in [35] that the system of two tunnel-coupled
fiber waveguides with opposite signs of the second-
order dispersion of group velocities admits the propa-
gation of linear waves, in the spectrum of which there
is a forbidden zone. A nonlinear wave, a soliton, in this
waveguide is the example of the gap soliton in the
medium whose parameters do not vary periodically.
The stationary pulse of electromagnetic radiation con-
sidered in this paper is a novel example of such a gap
soliton.
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