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Relation between quantum tunneling times for relativistic particles
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A general relation between the phase tifgeoup delay and the dwell time is derived for relativistic
tunneling particles described by the Dirac equation. It is shown that the phase time equals the dwell time plus
a self-interference delay which is a relativistic generalization of previous results.
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I. INTRODUCTION II. RELATIVISTIC ONE-DIMENSIONAL

SCATTERING RELATIONS
The time it takes for a particle or wave packet to tunnel

through a potential barrier has been debated for decades We begin with a Dirac particle of massand total energy
[1-8]. The fact that there is a finite duration for the tunneling E traveling in one dimension in the presence of a real poten-
process is not in doubt. The debate centers around the vali@ial barrier or potential wel\V(z) that occupies the region
ity of the various proposed tunneling times, the relation be0<z<L. The one-dimensional relativistic equation that de-
tween those times, and the physical meaning of a tunnelingcribes its stationary state is

time especially when it predicts apparent superluminal ve-

locities. Two of the more commonly used tunneling times are Hoty = [~ ifica,d, + pm& + V(2)]¢r= Ey, (1)

the dwell time (defined through the integrated probability 0

density under the barripand the phase tim@lefined by the Whereaz=(UZU5) andB=(, %) are the well known % 4 Dirac
energy derivative of the transmission phase ghlfhese two  matrices specified in terms of the Pauli matrices and the unit
times, however, are not entirely unrelated. They are equahatrix |. Each element of, and 8 is understood to be a 2
under certain circumstances but generally differ as a result ok 2 matrix. In Eq. (1) the electron is represented by the
guantum interference effect8—11]. Both times also saturate relativistic wave packet described by the Dirac spinor wave
with increasing barrier length, a phenomenon known as théunction

Hartman effectf2] and which has been claimed to lead to

infinite tunneling velocities for opaque barrid§. This ef- A
fect has recently been explained as arising from the satura- W
tion of stored energy or number of particles under the barrier Y= . (2
[11-13. With some exceptiongl4—23, most discussions of V3
quantum tunneling time have been based on the nonrelativ- Uy

istic Schrodinger equation even when apparent “faster than

¢ effects are considered. In particular there has been ngy, .o times for the one-dimensional scattering problem. To
discussion of the relation between the various tunnelin

. o . . hat end, we first take a derivative of the Dirac equation with
times for relativistic particles. Here we derive an exact rela-

tion between the phase time and the dwell time for relativis-rGSpGCt toE

tic particles that satisfy the Dirac equation. We show by . 3 _
means of an explicit stationary state calculation that the [~ ihcad, + BME + V(2) ~ EJ(YIGE) = . (3)

phase “”.‘e i? equal to t.h‘? dwell tim.e p!us a self-interferencq-hen the Hermitian conjugate of E¢L) is multiplied from
delay which is a relativistic generalization of earlier results.the right by dyl JE, yielding

Our goal is to obtain a general relation between dwell and

{ihcapta, + ¢ BmE+[V(2) - E]yHapldE) = 0.  (4)
*Email address: arrays@eecs.umich.edu
"Email address: mngom@umich.edu Equation(3) is then left-multiplied byy' and added to Eq.
*Email address: natashan@eecs.umich.edu (4), resulting in the expression
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(5 Equation (9) shows that the exact relation between these
Integrating over the barrier from 0 o we find times Is
oy Td = |T|zTgt+ |R|zTgr ~ T (13
(llfTaz ) (lﬂ ) f y'pdz.  (6)  where we have defined
B/ =1 “0E) 20
) _ _ N _ Im(R h— ——I R = IM(R)%
_Equatlon(6) isa gen_eral theo_rer_n tha_t describes the sensitiv- 7 = 7 OE Y —2Ek(1 +EJ2md)
ity of the wave function to variations in energy and allows us
to relate the various tunneling times in a straightforward (14)

manner.

The wave functiony is a solution of the stationary state
scattering problem. In front of the barriéregion ) it con-
sists of incident and reflected waves:

as the self-interference delay. HeEg=E-mc. Each of
these times has a well defined meaning. The dwell time is the
mean time spent by an incident particle of eneEyn the
barrier region 6<z<L regardless of whether it is ultimately

1 1 reflected or transmitted. The transmission group delay is the
time it takes for the peak of the transmitted wave packet to
o= 0 dkz 4 R 0 oikz @) appear az=L, measured from the moment the peak of the
! 7 -7 ’ incident wave packet would have reached the irge® in
0 0 the absence of reflections. Similarly, the reflection group de-

lay is the time it takes for the peak of the reflected wave
where 5(K) =#ck/ (E+mc) andfick=E2—m?c®. The ampli- packet to appear at=0, measured from the moment the peak
tude reflection coefficient iR=|Rjé?. The transmitted wave Of the incident wave packet would have reached the iput
behind the barrietregion Ill) is given by =0 in the absence of reflections. Both of these group delays
are extrapolated delays assuming a freely propagating inci-
dent wave packet. In reality, the incident wave packet is per-
turbed as a result of interaction with the barrier during its
gkz, (8) approach. The self-interference delay is an extra delay that
arises from the fact that the wave packet in front of the
barrier is composed of incident and reflected components
. which interfere with each other. It is related to the difference
with T:|T|e'¢t being the transmission coefficient. With these between the time thextrapolatedpeak of the incident wave
wave functions the left side of E¢6) can be evaluated to packet arrives at the input and the actual time the peak of the

gy =T

o3 O Bk

yield overall packet arrives at the same point. Because true tunnel-
ing is a quasistatic phenomenon that requires that the wave
(|T|2 |R|2d¢r Im(R) d7]> oK f sud pac_ket_ spatial extent be mu_ch greate_r than the l_aarr_ier Wi_dth,

n dk/JE #c an incident wave packet will always interfere with itself in

front of the barrier. This self-interference delay is greatest at
©) low values of incident kinetic energies when the particle
spends most of its time caught up in a standing wave in front
of the barrier. This delay vanishes at transmission resonances
where the reflectivity is zero and at values of the reflection

where ¢o= ¢ +KL is the total phase of the transmitted wave
and we have used the fact th&®>+|T|?=1 for a lossless
barrier.

Lo ' phase equal to, Nn=0,1,2,.... Aterm similar to this has
The dwell time is defined 224,29 also been found in the tunneling of electromagnetic waves
L through constricted waveguid¢®8] and photonic band gap
f Yy dz structureg29]. In Eq. (14) the termE,/2m¢ in the denomi-

_Jo 10 nator is a relativistic correction to the form of the self-
[Cha iin ' (10 interference delay. The nonrelativistic form is obtained in the

limit E,>E-mc. In that limit, the self-interference delay is

where ji,=cyla,p=2fkc?/ (E+mc@) is the probability cur- analogous to thé/2E term found by Smith to be a quantum
rent density for incident particles. The phase time or groupesonance correction to the collision lifetime in scattering

delay in transmission if26,27 theory[24].
Although we have used the terminology potential “bar-
h% (11) rier” in this discussion, the general results above also hold
Tot= dE’ for potential wells. Also, for a symmetric potential= 7,
= 74, and hence the relation between tunneling times reduces
while the reflection group delay is to

052112-2



RELATION BETWEEN QUANTUM TUNNELING TIMES... PHYSICAL REVIEW A 70, 052112(2004

Tg=Tgt 7. (15) D, R, andT are obtained by imposing continuity of the wave

. L function across the interfaces=0, L and are given by
We note that there is yet another tunneling time scale knowiyq 14

as the Larmor time which measures the total angular chan

of a particle with spin tunneling in the presence of a mag- C=(1-i¢et/2y, (183
netic field[25]. This Larmor time has been shown to equal
the dwell time for both relativistic and nonrelativistic par- D=(1+ie " /2y (18b)
ticles [19,20,25. ’

It is often stated that tunneling times for reflection and T=eky (19
transmission must satisfy the relatipf] &

79=|Tl?n+ R, (16) R=-i[(é+ L/gsinh 2L]/2y, (20)

This relation has been used as a criterion for the validity ofvhere ¢=(k/k)(E-Vy+m&)/(E+mc&) and y=coshklL
various tunneling time definitiong}]. It has also been criti- —(i/2)(¢£-1/¢€)sinh«L.

cized as being inappropriate for describing quantum events Wwe have two different methods to calculate the phase
[30]. Here we see that this much quoted criterion cannot bé&me. One is by taking the energy derivative of the transmis-
the sole arbiter for the correctness of a tunneling time defisjon phase. The other is by calculating the dwell time and
nition. While it is indeed possible to define certain timgs adding the self-interference delay. With the use of the wave

and 7, that satisfy the relatioi16), there is noa priori rea-  function inside the barrieg;, Eq. (17), the evaluation of the
son why this relation should generally hold for quantum me-dwell time yields

chanical scattering events. Indeedrifand 7, are taken as sinth 2L,
the phase times in transmission and reflection, then the cor- _ _ 2 _ _ 2

rect relation between those times and the dwell time is the ¢ 2Kﬁczf2§<mcz(1 ) 2kl +E-Vol-¢ )>'

one given by Eq(13). The tunneling process is a wave phe- (21)
nomenon and must generally include interference contribu-

tions. For the phase times the relatid6) holds only in the ~ wheref=|y|. From the expression for the reflection coeffi-
classical regions and at transmission resonances where setient we find that the self-interference term, using Eef),

interference effects can be neglected. is
m(l+¢&)
IIl. TUNNELING TIMES FOR A RECTANGULAR = (2 , § ) sinh 2L . (22)
BARRIER Aficofko¢

We test the general relations obtained above by applyinghe sum of these two times is

them to a rectangular potential barrier described \ljy) ]
((1 . §2)slnh 2¢<L mVy(2E - V)

2kl %2K2

=Vy®(2)®(L-2). The relativistic interaction dynamics of a
particle with total energ¥ incident on a barrier with height

V, can be divided into three cases. In the case that the po-
tential barrier is low enough to satisfy,<E-mc’=E,, the +(1 —§2)(E—VO)>. (23
particle has enough energy to propagate over the potential

barrier. Also, it can be shown that when the potential barrieon, the other hand the total transmission phase shift is
is strong enough to satisfy,>E+mc it can become super-

critical and spontaneously emit positrons or electrons. This is _ +kl =tanl }( _})
a transient phenomenon that takes us into the realm of the ¢o=argT) +kL=tan 2 ¢ tanhul | (24)

Klein tunneling[31] which has no nonrelativistic equivalent. h L ¢ th . h .
We therefore restrict our study to the case in which the pol € €nergy derivative of the transmission phase st

tential barrier height satisfigg-mc< V,<E+mc We will ~ Yi€lds the same expression as EB3), in agreement with
also restrict our discussion to relativistic positive energyPréVvious work[14,18,21. Thus the group delays calculated
Dirac particles. When the barrier height, satisfies E by these two very different methods are in complete agree-

—m&< V,< E+md the wave function within the barrigre- ment, confirming the relation of Eq15) between phase

L

- . time, dwell time, and self-interference delay.
gion [l) is given by[32,21,14 Figure 1 shows these three times plotted as a function of
1 1 normalized kinetic energy. The times are normalized7py
0 0 =L/c, the transit time for a particle traveling at the speed of
_ : 2 . z light. It is seen that the normalized group delay can be less
Wn=C| __iAkc  [€+D| _ iAkc €%, than 1 for kinetic energies less thafy. This should not be
E-Vo+mc E-Vo+mc taken to mean that the wave packet peak traveled as a rigid
0 0 entity from input to output faster than the speed of light. As

(17) a matter of fact, the peak does not travel from input to out-
put, as has been confirmed in direct numerical simulations of
wherefick=\m?c*-(V,—E)?, k being the decay constant for relativistic wave equationfl3,17,33. The dwell time is the
the evanescent wave within the barrier. The coeffici@ts 1/e lifetime of particles escaping out of both ends of the
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FIG. 1. Phase timeésolid curve, dwell time(dashed curve and @
self-interference delagdotted curvég versus normalized kinetic en- 4
ergy. HereVyL/Ac=27 andVy/mc@=0.5.

) . . . — phase time
barrier. To that we add the time spent waiting in front of the - - dwell time

barrier, the self-interference delay. The total is the phase T = iniererence delay
time. For energies above the barri&; > V,) the dwell time

and phase time are identical, but for the regigr< V, there

is a difference between the two because of the self-
interference delay. At low energies, as the kinetic energy
goes to zero the dwell time, the time spent in the barrier,
goes to zero. The self-interference delay however goes to
infinity. This means the particle does not even enter the bar-
rier but is trapped in a standing wave in front of the barrier.
We examine more closely the effect of relativistic corrections
on the delay times in Fig. 2. The strength of relativistic ef-
fects is determined by the ratie=\V,/mc. In the nonrela-
tivistic limit »<<1, the self-interference delay becomes equal
to the dwell time wherE,=Vy/2. The three times display &  FIG. 2. Phase timésolid curve, dwell time (dashed curve and
certain symmetry aboug,=V,/2. In the tunneling regime, self-interference delagdotted curvg versus normalized kinetic en-
the dwell time for relativistic particles is generally longer ergy. (a) The nonrelativistic limit; her/oL/Ac=2m and Vo/mc
than that for nonrelativistic particles. =0.001. The relativistic limit; her®,L/Ac=27 andVy/m&=0.99.

The Hartman effect is the saturation of the group delay _ _ _

with barrier length. In the limit that —, the probability ~longer than the barrief13,33. The uncertaintyAz in the
density inside the barrier is proportional to the decaying exlocation of the particle is much greater than the wititiof

ponential |42« 2. The integrated probability saturates the barrier. Similarly, the phase time or group detgyis
with barrier length and hence the dwell time, self- Much smaller than the duratiakt of the wave packet, the

DELAY(/7))

(b)

interference, and phase delay saturateLAsx we find time it takes for the wave packet to pass a given point. While
it is interacting with the barrier we cannot say anything about
;o= 2m ¢ ;= 2m ¢ where it is. We can only say where the particle is after it has
T a1+ T kL + & completed its interaction with the barrier. The duration of
that interaction is the length of the wave packet. It is only
2m/ 1 1 £ after the completed scattering event can we say whether a
9= Tdt 7= ?(? + E) 1+& (25 particle has been reflected or transmitted. Thus, a more

meaningful “tunneling time” might be one determined by the
The fact that these times saturate with length indicategength of the wave packet.

that they are not propagation delays. To accept them as We now show that in the nonrelativistic limit we recover

propagation delays would imply that the particle somehowprevious results for the tunneling times. We do this by “slow-

knows that the barrier has been made longer and hence musg down” the particle, assuming that the speed of the inci-

increase its speed by just the right amount to cover thelent particle is much less than such that its kinetic energy

greater distance in the same amount of time. Such a state & =E-mcd<mc and that also means that the barrier height

affairs is clearly untenable. As we have previously shownV,<mc. In these limits & reduces toé=k/«, where k

for distortionless tunneling the wave packet has to be muchk= \2mE/# and x~ \V2m(Vo—Ey)/%. Inserting these terms
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into the tunneling time expressions we obtain ing [31] which has no equivalence in the nonrelativistic
o\ e Schrodinger equation. Here the particle is able to tunnel
- m_L( +£)S'nh_2"|- (26) through the barrier without attenuation, a process mediated
2hkf? k2 2xL by spontaneous particle-antiparticle pair productidn,34.
Elsewhere we investigate the detailed dynamics of this

7

mL k?\ sinh 2«L k2 highly relativistic process. For now we present the expres-
W e\t o tT\1T2) (27)  sjons for the dwell time, phase time, and self-interference

delay in this regime and show that they satisfy E48) and

. ) (14).

Tg= gt 7= m_LZ(E + 5>smh_2;<|_ + ( - k_z) ] The wave functions inside the barrier are now propagating

2hkf\k k) 2kl K waves with wave number «' defined by #ck’

(28)  =\(Vo—E)?>~m?’c". The reflection coefficient is now
These times agree with previously derived nonrelativistic ex- R=[i(¢ - 1/¢')sin 2'L]/4y", (AL)

pressions for the self-interference defdy], the dwell time

(25 and the phase time2]. where & = (k/ k")(Vg—E-m&)/(E+mc), and y' =cosk’L

+(i/2)(&+1/€)sink'L.
Using Eq.(14) we find that the self-interference delay is

_ _ _ _ _ mc(1/¢' - €')sin 2«'L
In this paper we have investigated the delay times in- T = 25, C2K2f 12 )
volved in relativistic quantum tunneling using Dirac’s theory.
We have derived tunneling times for the Dirac particles andvhere f'=|y’|. To confirm Eq.(15) we now calculate the
established that the phase time is equal to the dwell time pluself-interference delay by taking the difference between the
a self-interference delay which is dependent on the dispephase delay and the dwell time given [31]
sion outside the barrier region. All three times saturate with

IV. CONCLUSION

(A2)

barrier length, a manifestation of the Hartman effect and ex- o= ;(u +£2)(Vo—E)
plainable by the saturation of the probability density or num- 9 2k'hcPH2E
ber of particles in the barrier region. In the nonrelativistic MVe(2E — V) sin 2¢’L
limit we recover previous results relating the phase time and -(1-¢7)—2 5 0 - ) (A3)
dwell time based on the Schrédinger equation. 7k 2k'L
ACKNOWLEDGMENT = [ (V,—E)(1+&?
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2k'L
APPENDIX: THE KLEIN TUNNELING REGIME Here again we find that
The key result of this workas given in Eqs(13) and mA(L/¢' - &)sin 2«'L
(14)] formally holds regardless of the strength of the barrier, Ti=Tg~ Td=

. . ; . ) : 4hc?K3f12
so long as the single-particle Dirac equation remains a valid
description of the interaction. For strong barriers such thaClearly, the self-interference delay vanishes at the transmis-
Vo> E+mc we encounter the phenomenon of Klein tunnel-sion resonances<’L=n/2) and where¢’2=1.
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